Abstract. In this paper, we give a Thomae type formula for K3 surfaces X given by double covers of the projective plane branching along six lines. This formula gives relations between theta constants on the bounded symmetric domain of type I 22 and period integrals of X . Moreover, we express the period integrals by using the hypergeometric function F S of four variables. As applications of our main theorem, we define R 4 -valued sequences by mean iterations of four terms, and express their common limits by the hypergeometric function F S .
Introduction

Let us consider period integrals
of an elliptic curve s 2 ¼ tð1 À tÞð1 À ltÞ with l A C À f0; 1g. If l belongs to the open interval ð0; 1Þ, then they are expressed by the Gauss hypergeometric function is Jacobi's theta constant. Under these correspondences of variables l A C À f0; 1g and t A H, the theta constant and the elliptic integral are related as
where
The identity (2) is called Jacobi's formula. On the other hand, we have the 2t-formulas for the theta constants 
Thomae studies period integrals of a hyperelliptic curve of arbitrary genus and generalizes Jacobi's formula to Thomae's formulas in [To] . Based on 2t-formulas of theta constants defined on the Siegel upper half space H 2 of degree 2, Borchardt By using Thomae's formulas, he expresses the common limit of the components of fm n ðc 1 ; . . . ; c 4 Þg n A N by period integrals of a genus 2 hyperelliptic curve. For related studies, refer to [B] , [MT] and [Me] .
In this paper, we give a Thomae type formula for K3 surfaces which are double covers of the complex projective plane P 2 branching along normal crossing six lines. The configurations of normal crossing six lines are parametrized by 3 Â 6 matrices x and the corresponding K3 surface is denoted by XðxÞ. Period integrals of XðxÞ are expressed in terms of two kinds of hypergeometric functions F S and F T of four variables defined in (11) and (12), respectively. In Section 4.1, we define a normalized period matrix tðx; cÞ of a marked K3 surface À XðxÞ; c Á in the 4-dimensional bounded symmetric domain D of type I 22 . (For the definition of a marked K3 surface, see (6).) Let P 3; 3 be the set of unordered pairs hJi ¼ ðJ; J c Þ, such that KJ ¼ KJ c ¼ 3 and J W J c ¼ f1; . . . ; 6g. Then we have KP 3; 3 ¼ 10. To state the main theorem, we introduce the following notation:
cÞ Á is the theta function on D indexed by hJi A P 3; 3 , evaluated at the normalized period matrix tðx; cÞ,
(ii) xhJi is the product of two 3 Â 3-minors indexed by hJi A P 3; 3 , of a 3 Â 6-matrix x in the configuration space X ð3; 6Þ, and (iii) o 34 ðx; cÞ is the period integral of the K3 surface XðxÞ defined in (8).
Then the main theorem is the identity 
for any hJi A P 3; 3 .
The subfamily consisting of Kummer varieties of principally polarized abelian varieties is called the Kummer locus. This locus corresponds to the Siegel upper half space H 2 realized as a closed subdomain of D. Our identity becomes Thomae's formula for genus two curves on this locus.
In the paper [MSY] and [M] , it is proved that the point ½Y hJi ðtÞ hJi A P 3; 3 in P 9 is equal to ½xhJi hJi A P 3; 3 . The key for our proof of the main theorem is the study of the relation between a period of X and the automorphic factor of Y hJi by the action of the monodromy group of per via the isomorphism between D and D H defined in Section 4.1.
As an application of our main theorem, we study in Section 6.1 a vector valued sequence obtained by the iteration of a map from R 4 þ to R 4 þ which is di¤erent from that defined by Borchardt. We show that this vector valued sequence has a common limit and that it can be expressed by the hypergeometric function F S . This formula is obtained by the main theorem and 2t formulas for the theta functions Y hJi in Theorem 1. We also give an explanation on the relation between Borchardt's arithmetic-geometric mean m y Ã ðc 1 ; . . . ; c 4 Þ and the hypergeometric function F S in Section 6.2. In the last section, we prove several functional equations of the hypergeometric function F S arising from the invariance property for vector valued mean iterations. These are analogs of the Gauss transformation formula (3) for the hypergeometric function F S . Let T be a torus defined by
Certain family of
The group GL 3 ðCÞ Â T acts on X by t 7 ! tg À1 ; x 7 ! g Á x Á diagðl 1 ; . . . ; l 6 Þ; y 7 ! l 0 y for ðg; lÞ A GL 3 ðCÞ Â T, and it induces an action of GL 3 ðCÞ Â T on M Â ð3; 6Þ such that the natural map pr 2 : X ! M Â ð3; 6Þ is equivariant under their actions. The quotient of M Â ð3; 6Þ by GL 3 ðCÞ Â T is denoted by X ð3; 6Þ. Then the variety X ð3; 6Þ is equal to the double coset space:
which is called the configuration space. The class of x A M Â ð3; 6Þ in X ð3; 6Þ is denoted by ½x and the fiber of X at x A M Â ð3; 6Þ is denoted by XðxÞ.
There are 15 rational curvesl l jk ðxÞ ð1 e j < k e 6Þ in XðxÞ coming from the resolutions of nodes at l jk ðxÞ ¼ l j ðxÞ X l k ðxÞ, where l i ðxÞ is the line defined by ðt; l i Þ ¼ 0. 
We construct
Let J be a subset of the set f1; . . . ; 6g with cardinality 3 and J c be its complement. By reordering elements, we may write J and J c as
A pair hJi ¼ ðJ; J c Þ ¼ ðJ c ; JÞ of J and J c is called a ð3; 3Þ-partition of the set f1; . . . ; 6g. The set of ð3; 3Þ-partitions is denoted by P 3; 3 . Note that KP 3; 3 ¼ 10. For x ¼ ðx ij Þ A Mð3; 6Þ and hJi A P 3; 3 , we set
. By Plü cker relations, we have the following. Lemma 1. Let St be the set of ð3; 3Þ-standard tableaux, i.e. ðJ; J c Þ ¼ ðf j 1 ; j 2 ; j 3 g; f j 4 ; j 5 ; j 6 gÞ with j 1 < j 2 < j 3 < < < j 4 < j 5 < j 6 :
Then KSt ¼ 5 and fxhJi j hJi A Stg forms a basis of a linear system in H 0 À X ð3; 6Þ; M Á generated by the polynomials xhijki ð1 e i < j < k e 6Þ.
Let b pl pl be the map from M Â ð3; 6Þ to C 10 defined by
where we arrange xhJi lexicographically for J ¼ f j 1 ; j 2 ; j 3 g with j 3 e 5. By Lemma 1, the image of pl is contained in a 5-dimensional linear subspace of C 10 . The map X ð3; 6Þ ! P 4 induced from b pl pl is denoted by pl.
; 6Þ Þ of relative global holomorphic 2-forms is generated by
The restriction of j to XðxÞ is denoted by jðxÞ. Therefore as induces an involution on X ð3; 6Þ, which is called the association involution and is also denoted by as. By the above equality, we have an induced morphism
Let X ð3; 6Þ be the normalization of P 4 in X ð3; 6Þ. Then we have the diagram:
The induced map X ð3; 6Þ ! P 4 is denoted as pl. Let x ¼ ðx ij Þ ij A M Â ð3; 6Þ. We define the following polynomials:
DðijkÞ ¼ detðx pi ; x pj ; x pk Þ p¼1;...; 3 ; fij; klg ¼ DðijmÞDðijnÞDðmklÞDðnklÞ;
TðijklmnÞ ¼ DðijkÞDðklmÞDðmniÞDðnljÞ for fi; j; k; l; m; ng ¼ f1; . . . ; 6g. Then we have fij; klg ¼ Gxhijmixhijni and asðQÞ ¼ ÀQ. We give an explicit description of the normal form
of the inverse image under pl. By [MSY] , Lemma A6.8, we have
By as À Tð125364Þ Á ¼ Tð364125Þ and [MSY] , Lemma A7.3, we have
Therefore Tð125364Þ is defined by a quadratic equation with the coe‰cients in polynomials of xhijki's. The values x 1 , y 2 , y 2 can be obtained by the transposition of indices 2 $ 3, 5 $ 6.
Since
if f16; 23g Á f12; 36g ¼ 0, then Q ¼ Tð125364Þ or ÀTð364125Þ and the values x 2 , x 1 , y 2 , y 1 are polynomials of xhijki. Thus we have the following lemma.
Lemma 2. The inverse image of the divisor fxh164i ¼ 0g on P 4 under the map pl consists of two irreducible components. On X ð3; 6Þ, we can express x 1 , x 2 , y 1 , y 2 as rational functions of xhijki on each irreducible component.
For an explicit description of the inverse image see Proposition 8.
3. Period map for K3 surfaces 3.1. Some properties of the K3 lattice. Let _ x x be a point in M Â ð3; 6Þ defined by
The point ½ _ x x is fixed under the action of the involution as defined in the last section. The lattice
Let C be the hyperelliptic curve defined by
We construct a basis of T gen using the isomorphism of the Kummer surface of C and Xð _ x xÞ given in [Te] . Let C 1 , C 2 be copies of C, s the hyperelliptic involution of C, and i the involution C 1 Â C 2 obtained by the permutation of product components. By using the a‰ne coordinates s 1 ¼ t 1 =t 0 and s 2 ¼ t 2 =t 0 of P 2 , we define a morphism
For a < b A R, the 1-chain in P 1 defined by the segment from a to b is denoted by ða; bÞ. We define chains A A 1 $ e 1 þ e 2 ; A 2 $ e 5 þ e 6 ; B 1 $ e 2 þ e 3 ; B 2 $ e 4 þ e 5 ðmod 2Þ: ð5Þ
The Poincaré dual of the proper inverse image of g g is a basis of T gen . We set g ij ¼ g 0 ij =2 A T gen n Q. These bases are slightly di¤erent from those defined in [MSY] and [Y] .
By computations in [MSY] and [Y] , Chapter VIII, we have the following proposition. Then the intersection matrix is equal to
Thus the lattice structure of T gen is equal to Uð2Þ l Uð2Þ l A 1 ðÀ1Þ l A 1 ðÀ1Þ.
3.2. The moduli space of marked K3 surfaces. We define the (coarse) moduli space M S gen of marked K3 surfaces and its open set M
Here the e¤ective cone of a K3 surface X in the Neron-Severi group NSðX Þ of X is denoted by NSðX Þ e¤ . Note that an element
We have the following lemma. (i) There is a unique involution I on X such that the induced isomorphism H 2 ðX ; ZÞ ! H 2 ðX ; ZÞ is equal to c i c À1 .
(ii) The image of cðl l ij Þ under the projection X ! X =hI i is a ðÀ1Þ-curve.
. By blowing down the images of cðl l ij Þ for 1 e i < j e 6, we get a projective space P 2 . The image l i of cðl l i Þ becomes a line in P 2 for i ¼ 1; . . . ; 6. Moreover the configuration of 6-lines fl 1 ; . . . ; l 6 g is normal crossing.
Proof. (i) Since cðl l ij Þ and cðl l i Þ are e¤ective and irreducible, two disjoint I Ã 0 -configurations of ðÀ2Þ-curves
define an elliptic fibration with four sections cðl l i Þ (i ¼ 2; 3; 4; 5). The inversion with respect to the section cðl l 2 Þ is a required involution. The uniqueness follows from the Torelli theorem for K3 surfaces. The statements (ii) and (iii) follow from this elliptic fibration. 
The space H 2; 0 ðX Þ is generated by the non-zero global holomorphic 2-forms jðxÞ and it is vertical to NSðX Þ under the intersection pairing. We define a vector oðx; cÞ by oðx; cÞ ¼ 
jðxÞ:
The class in PðT gen n CÞ corresponding to c . As a consequence, we have the following period map:
Proof. By Riemann bilinear relations for the K3 surface X , we have the first and the second conditions of D H . Since
we can show that
Thus we have the third condition of D H . r 3.4. Period integrals and hypergeometric functions. We define two hypergeometric series F a S ðzÞ and F a T ðzÞ of variables
with parameters a ¼ ða 1 ; . . . ; a 6 Þ satisfying
where N ¼ f0; 1; 2; . . .g, z n ¼ z 4 for n ¼ ðn 1 ; . . . ; n 4 Þ,
and we assume that
They absolutely converge on the domain
By the standard argument for Euler type integrals, we have the following proposition. 4. Symmetric domains and theta functions 4.1. An isomorphism between two symmetric domains. In this section, we construct modular forms on the symmetric domain D associated to the unitary group Uð2; 2Þ of signature ð2; 2Þ. These are sometimes called Hermitian modular forms (cf. [F] ). Using an isomorphism between D and D H defined in [M] , and theta series on D, we obtain automorphic forms on D H . Let D be the bounded symmetric domain of type I 22 defined by
We define an isomorphism D ! D H . Let t be an element in D. We set
Lett thi 1 i 2 i be the ði 1 ; i 2 Þ Â ð1; 2Þ-minor of the 4 Â 2-matrixt t. They satisfy the Plü cker relationt th12it th34i Àt th13it th24i þt th14it th23i ¼ t vðt tÞH 0 vðt tÞ ¼ 0;
; vðt tÞ ¼t th12ĩ t th13ĩ t th14ĩ t th23ĩ t th24ĩ t th34i
Since the matrix ðt À t Ã Þ=ð2iÞ is positive definite, we have vðt tÞ Ã Hvðt tÞ > 0; Imt th14iðtÞ t th34iðtÞ
We set
We use an isomorphism 
where o ¼ oðx; cÞ as defined in (8) as elements of C 6 .
Homomorphisms of discrete groups. We define a subgroup G H in the orthogonal group OðT gen Þ by
Its center consists of GE 6 . The group G H acts on D H from the left. Since the monodromy action preserves the intersection form, the monodromy group is contained in G H .
We define U 22 ðZ½iÞ and the principal congruence subgroup of level ð1 þ iÞ by U 22 ðZ½iÞ ¼ fg A GL 4 ðZ½iÞ j gI 22 g Ã ¼ I 22 g;
where I 22 ¼ 0 ÀE 2 E 2 0 and g A ; g B ; g C ; g D A Mð2; 2Þ.
We define a homomorphism U 22 ðZ½iÞ ! G H =hG1i of discrete group which is compatible with the isomorphism of symmetric domains D ! D H defined in (14). For
we set a 6 Â 6-matrix^2g by^2
where 1 e i 1 < i 2 e 4, 1 e j 1 < j 2 e 4, and they are arranged by the lexicographic order of ði; jÞ. Then we have detð^2gÞ ¼ detðgÞ 3 ;
and
where t A D,
Thus we have
and by the definition of | D , we have
The matrix Qð^2gÞQ À1 belongs to the orthogonal group with respect to the quadratic form H. Moreover, a straightforward calculation shows 
Proposition 6 ( [M] , [KiM] , [Y] ). (i) We define the principally congruence subgroup G H ð2Þ of level 2 by
Then the monodromy group for f per per : M 0 S gen ! D H over X ð3; 6Þ is equal to G H ð2Þ.
(ii) The monodromy group of f per per :
We note that detðgÞ is well defined on U 22 ðZ½iÞ=hiE 4 i. The monodromy group over X ð3; 6Þ=hasi is equal to U and as be the association involution defined in Section 2.3. Under the notation (13), we have
(iv) Under the isomorphism AutðD H Þ F AutðDÞ of (14), the matrix As defined in (iii) corresponds to tp, i.e.
As a consequence, we have an isomorphism
By the above proposition, we have a map
Since the last component | D ðtÞ is 1 for t A H, we have
for o ¼ Qvðt tÞ by the equality (17) together with (16) and (18). By squaring this equality, we have
for g A U 22 ðZ½iÞ=hiE 4 i.
Theta functions and their functional equations.
The theta function Y ab with characteristic a, b on D is defined as
Remark 1. This Y ab is di¤erent from that defined in [MY] and [M] by the factor of e½Reðab Ã Þ. If t belongs to the Siegel upper half space H 2 of degree 2, then Y ab decomposes into the product of Riemann's theta constants: where
This function satisfies 
Then we have KEv ¼ 10 and Y ½ab ðtÞ ¼ 0 if ða; bÞ B Ev.
Using the correspondence (5), we introduce a bijection between P 3; 3 and Ev by the following rule, which is used for the formalism of Thomae's formula (cf. [Mu] ) for hyperelliptic curves. We define an isomorphism
F 2 e i 0 0 DðF 2 Þ by |ð1000Þ ¼ e 1 þ e 2 ; |ð0100Þ ¼ e 5 þ e 6 ; |ð0010Þ ¼ e 2 þ e 3 ; |ð0001Þ ¼ e 4 þ e 5 :
For an element ða; bÞ A Ev, there is a unique hJi ¼ h j 1 j 2 j 3 i A P 3; 3 such that |ða; bÞ þ e 1 þ e 3 þ e 5 ¼ e j 1 þ e j 2 þ e j 3 :
This gives a bijection between Ev and P 3; 3 . For example ða; bÞ ¼ ð1; 1; 1; 1Þ A Ev corresponds to hJi ¼ h123i. Under this correspondence, Y 2 ½ab ðtÞ is denoted by Y 2 hJi ðtÞ.
Remark 2. This correspondence between P 3; 3 and Ev is di¤erent from that in [M] , since the bases of the transcendental lattice T gen are di¤erent.
Proposition 7 ([M]). (i) We have
(ii) We define a map y : D=U tp 22 ð1 þ iÞ ! P 9 by t 7 ! ½. . . ; Y 2 hJi ðtÞ; . . . hJi A P 3; 3 A P 9 :
Then the map pl is equal to the composite y per from X ð3; 6Þ to P 9 .
Theorem 1 (2t-formula). We have
ðtÞ;
where q runs over the set F 2 2 ¼ fð0; 0Þ; ð0; 1Þ; ð1; 0Þ; ð1; 1Þg. In particular,
Proof. We consider the summation
Þ are the characters of the quotient group L=Z½i 2 , this summation reduces to the four times of the summation over the subgroup Z½i 2 :
On the other hand, the summation (24) is
ðtÞ: 
Proof. By Proposition 7 and Plü cker's relations, we have 
Then they coincide via the isomorphisms (14) and (21).
Proof. Since the group U tp 2; 2 ð1 þ iÞ is generated by U 22 ð1 þ iÞ=hiE 4 i and tp, it is enough to show the identity (26) for (i) g A U 22 ð1 þ iÞ=hiE 4 i and R ¼ R g , and (ii) g ¼ tp and R ¼ As.
The statement of (i) follows from equality (22); and case (ii) follows from Propositions 7 (i) and 6 (iv). r By the above lemma, the function
becomes a function on D=U tp 22 F X ð3; 6Þ=hasi. The space X ð3; 6Þ=hasi can be compactified by the embedding pl Ã : X ð3; 6Þ=hasi ! P 4 . It is shown in [M] that the zero of Y hJi À tðx; cÞ Á 2 coincides with that of xhJi. Hence f ðx; cÞ is a constant map. ;
and by xh135i ! 1,
by Jacobi's formula (2). r
Mean iterations
In this section, we apply the main identity (25) to the study of mean iterations.
6.1. Mean iteration associated to D 4 degeneration. In this subsection, we consider configurations of six lines which contain three lines intersecting at one point. In this degeneration, three A 1 singularities on X Ã confluent to one D 4 singularity. This degeneration is obtained by taking the limit xhJi ! 0. We consider the case hJi ¼ h123i.
Proposition 8. The two preimages of the map pl on the subvariety defined by xh123i ¼ 0 are expressed as 1 1 00 1 1
Let m be a map from ðR
For 
we have m 
We set 
Then s n and t n satisfy s nþ1 ¼ f ðs n ; t n Þ; s n ; t n f 1; lim n!y t n ¼ 1:
Note that f ðhs; htÞ ¼ f ðs; tÞ for any h A R Â þ , f ðs; sÞ ¼ 1 and that
for any s > 1. If s n > t n then ðs n =t n Þ > 1 and
If s n e t n then ðt n =s n Þ f 1 and
Thus we have s nþ1 e maxðs n ; t n Þ. Since lim n!y t n ¼ 1, for any e > 0 there exists N A N such that t n < 1 þ e for any n > N. If there exists n 0 > N such that s n 0 e t n 0 , then s n < 1 þ e for any n f n 0 ; this means lim n!y s n ¼ 1. Otherwise, i.e. if s n > t n for any n > N, then s n is monotonously decreasing. Thus the limit lim n!y s n exists. Let n ! y for s nþ1 ¼ f ðs n ; t n Þ, then we have lim Theorem 6. We have the following functional equations for F S :
